The radial wave functions xo and xi (of unit amplitude at infinity) of an electron moving in the static field of a hydrogen atom in its ground state and having an angular momentum of respectively 0 and 1 Bohr unit are tabulated for a range of values of the kinetic energy which is of astrophysical in r terest. Certain auxiliary quantities, such as the phase shifts, are also tabulated.
1. Introduction.--The wave functions of an electron in the static field of a hydrogen atom are essential for the solution of several problems of astrophysical interest. Perhaps the most important of these problems is the theoretical, evaluation of the continuous absorption coefficient of the negative hydrogen ion.
1 However, the basic physical problem, namely, that of the motion of an electron in the field of a hydrogen atom, is well known in the quantum theory and has been considered particularly in investigations relating to the phenomenon of electron scattering. 2 In this latter context it has been studied by H. S. W. Massey and C. B. O. Mohr, 3 J. McDougall, 4 and P. M. Morse and W. P. Allis.
5 From the investigations of these writers it would appear that in an approximation in which exchange is ignored the "best wave function," Sk, which is separable in the co-ordinates of the two electrons describing the hydrogen atom, together with an electron moving with a definite velocity at infinity, is expressible in the form ^(ri,r 2 ) =-^ (r 2 ; ¿),
where, adopting Hartree's atomic units, e~V\/tt represents the wave function of the hydrogen atom in its ground state and <j>(r; k) is the wave function of an electron having a momentum k, in the Hartree field
of the hydrogen atom; <£(r; k) therefore satisfies the wave equation 
For the purposes of the evaluation of the absorption cross-sections radial functions are required which tend to pure sinusoidal waves of unit amplitude at infinity. More particularly, solutions are required whose behavior at infinity is of the form , (6) where the 8i's are the so-called*''phase shifts." It may be recalled in this connection that, according to the theory of Faxen and Holtsmark, 6 the total elastic cross-section Q of the atom for electrons with momentum k is given by A 00 0 = 5^ (2i+1)sin2 (7) which accounts for the theoretical importance of the phase shifts. For most purposes, however, the s-and the p-waves %o and %i are the most important; and we shall accordingly provide in this paper tables of these solutions for a range of values of k 2 which is of astrophysical interest. 2. The s-waves xo--The s'-radial wave functions xo satisfy the equation
and solutions of this equation are required whose behavior at infinity is Xo ( r; k) ->sin {k rô 0 ) 0->oo). (9) Such solutions can be found in the following manner : There exists a solution X 0 of equation (8) whose behavior at the origin is given by X 0 (r; W) = r -r 2 + l (4 -¿ 2 ) r 3 -* {S -2 k 2 ) H + .
With a series expansion of this form valid for r -> 0 and including thirteen terms it is possible to determine X 0 to a sufficient accuracy for r < 0.5. For r > 0.5 the solution can be continued by any of the standard methods of numerical integration. For r > 8 the term in er 2r in equation (8) is entirely negligible. The solution must, accordingly, be of the form X 0 = Ao sin (¿r +5 0 ) (r>8), (11) where Aq and ô 0 are certain determinate constants. The phase shift ôo can be found from the formula (readily established) tan ôo = Xp ( rQ sin ^ r 2 -X 0 ( r 2 ) sin k ri -X 0 ( ri) cos & r 2 + Xo ( r ¿) cos ^ r^ (r u r 2 > 8). (12) Once ôo has been determined from values of X 0 for two different values of r > 8, ^4 0 immediately follows, and the s-wave xo is given by (13) In this manner the radial functions xo have been found for thirty different values of k 2 in the range 1.75 > k 2 > 0.015. The integrations were carried out keeping seven significant figures; and the final solutions, rounded to five decimals, are given in Table 5 .
In Table 1 we have collected the values of the phase shifts 8 0 . It will be seen that, even for k 2 = 0.015, the phase shift is quite large. For k 2 < 0.015 the solutions can be found by a "perturbation" method. For, writing Xo(r; k 2 ) in the form X 0 (r;k 2 ) =X 0 (r;0) -k 2 Y 0 (r) +0 (k*) ,
it can readily be shown that F 0 (r) =X 0 (r-,0)(15)
In Table 2 we have tabulated the functions X 0 (r; 0) and F 0 (r). Direct comparison with the integration for k 2 = 0.015 shows that solution (14) agrees with the results of the exact integration for r < 6.0 to within one part in five hundred. It would accordingly S. CHANDRASEKHAR AND FRANCES HERMAN BREEN appear that for k 2 < 0.015 equation (14) and our tabulation of the functions Ar 0 (r; 0) and Y 0 (r) can be used to determine xo to an accuracy of the order of one part in a thousand. The values of the phase shifts for k 2 ^ 0.010 given in Table 1 were found from the radial functions determined in this manner.
3. The ip-waves xi--The p-radial functions satisfy the equation and solutions of this equation are required whose behavior at infinity is Xi (^j * cos (k r 5i) (r->oo). (17) Such solutions can be found in the following manner : There exists a solution Xi of equation (13) whose behavior at the origin is given by X 1 (r;k 2 ) = rt-hrt + ^iS-k 2 ) r* -^ (16 -7 k 2 ) ^ +
Again with a series expansion of this form including thirteen terms it is possible to find Xi to a sufficient accuracy for r < 0.5; the solution can be continued beyond this point by numerical methods. For r > 8 the term in e~2 r in equation (16) The phase shift 5i can be determined from the formula (readily established) tan 81
riXitrJ {\-\rk 2 r\) % sin (k r<¿-g 2 ) -r^Xi (r 2 ) (l + k 2 r\)% ûn(k ri-q x ) r2X 1 (r 2 ) {\ + k 2 r 2^c o^{hr 1 -q 1 )-r 1 X 1 {r 1 ) (l + ^2r 
Once ôi has been determined according to equation (20), using the values of Xi for two different values of r > 8.0, Ai directly follows, and the p-wave xi becomes determinate. In this manner the radial functions xi have been found for twenty-nine different values of k 2 in the range 1.75 > k 2 > 0.015. The integrations have been carried out to the same accuracy as the s-waves, and the final solutions (also rounded to five decimals) are given in Table 6 .
In Table 3 we have collected the values of the phase shifts ôi. As in the case of the s-waves, for k 2 < 0.015 the solutions for the p-waves can be , found to an accuracy of about one part in a thousand from the formula
where Vi(r) = Xi(r; 0) £ fJd v Xl(v, 0) . (23) S. CHANDRASEKHAR AND FRANCES HERMAN BREEN Equation (22) agrees with the results of the exact integration for k 2 = 0.015 to within one part in a thousand for r < 6. The functions Xi(r; 0) and Yi(r) are tabulated in Table 4. 4. Concluding remarks.-As stated in the Introduction, the s-and the p-waves tabulated in this paper have been used for the evaluation of the continuous absorption coefficient of H~. It should, however, be admitted that, while this represents an improvement over earlier work, the importance of exchange, particularly for the slow s-electrons, may lead to further changes in the cross-sections for the free-free transitions. We hope to return to these and related matters in the near future. 3.4. 3.5. 3.6. 3.7. 3.8. 3.9. 4.0. 4.1. 4.2. 4.3. 4.4. 4.5. 4.6. 4.7. 4.8. 4.9. 5 +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0  +0 . 
